Abstract. In the recent years, many results have been established on positive solutions for boundary value problems of the form
Introduction.
In this paper, we consider the set of positive radial solutions to the following boundary value problem for a quasilinear elliptic P.D.E.: div(|∇u| p−2 ∇u) + λf (u) = 0 in Ω, (1.1) u = 0 on ∂Ω, (1.2) where Ω denotes an annulus or a ball in R N (N > p > 1), and λ > 0. The problem (1.1)-(1.2) arises in the theory of quasiregular and quasiconformal mappings or in the study of non-Newtonian fluids. In the latter case, the quantity p is a characteristic of the medium. Media with p > 2 are called dilatant fluids and those with p < 2 are called pseudoplastics (see [1] [2] ). When p = 2, the problem becomes more complicated since certain nice properties inherent to the case p = 2 seem to be invalid or at least difficult to verify. The main differences between p = 2 and p = 2 are discussed in [6, 8] . The existence and uniqueness of positive solutions of (1.1)-(1.2) have been studied by many authors, for example, [4] [5] [6] [7] [8] [9] [10] [13] [14] [15] [16] [17] [18] [19] [20] [21] and the references therein. (Ω). Thus, these solutions are considered in a weak sense. By a small solution u λ of (1.1)-(1.2), we mean that lim λ→0 + u λ ∞ = 0 (or lim λ→∞ u λ ∞ = 0). By a large positive solution u λ of (1.1)-(1.2), we mean that lim λ→0
When f is strictly increasing on R
, where 0 < µ < p − 1 and α 1 , α 2 > 0, it has been shown in [6] that there exist at least two positive solutions for (1. ) < 0, it has been proved in [9] that the problem (1.1)-(1.2) has a unique small solution when λ is sufficiently small. It also has been proved that there exists at least one large positive radial solution of (1.1)-(1.2) for Ω being an N -ball or an annulus when λ is sufficiently small. If f (0) < 0, related results have been obtained in [7, 20] .
A natural question is to determine how λ and d = max Ω u(·, λ) = u(·, λ) ∞ are related. When p = 2, f (0) < 0 or f (0) = 0 and Ω is a unit ball in R N , the related results have been obtained by [11, 12] . In [21] , the author studied this problem for the case where Ω is a unit ball in R N and f (0) < 0, p > 1. In this paper, we further study this problem for Ω being an N -ball (N > p > 1) or an annulus and f (0) < 0 (non-positone). This extends and complements previous results in the literature [11, 12, 21] .
Consider a positive radial solution u of (1.1)-(1.2); thus u = u(r, λ) satisfies
If Ω is an annulus 0 < r 1 ≤ r ≤ r 2 , we introduce the transformation of variables
Thus (1.3) becomes
and the boundary conditions become
If Ω = B 1 (0), the boundary condition (1.2) becomes
A priori estimates
for Ω being an annulus. In this section, we consider the set of radially symmetric positive solutions to the equation
where Ω denotes an annulus in R N (N > p > 1) and λ > 0. Here f : [0, ∞) → R satisfies the following assumptions:
Theorem 2.1. Suppose that conditions (A) and (B) hold. Then there exist positive constants K 1 and K 2 such that for small λ, 
To obtain Theorem 2.1, the following lemma is established:
Proof. On the contrary, assume that there exist sequences {λ n } and {u n } ≡ {u λ n } ∈ C 1 0 (Ω) such that λ n → 0 and u n ≤ M , where M > 0 is independent of n. Then u n ∞ → 0 as n → ∞. Indeed, suppose this does not hold; by the regularity of − div(|∇ · | p−2 ∇·) (see [6] ), there exists ω ≥ 0 in Ω such that λ
It follows from the maximum principle that ω < 0 in Ω. This is impossible. Now, since u n is uniformly bounded in Ω and λ n → 0 as n → ∞, it follows from the regularity of
Thus, ω ≡ 0 in Ω. This also implies that u n → 0 in C
1
(Ω) as n → ∞. But the above argument implies that this is impossible. Hence, we conclude that u n ∞ → ∞ as n → ∞. Lemma 2.3. Let a > 0. Then, for any θ ≤ 0, the equation
Integrating (2.3) over (s 0 , s), we obtain u(s) → −∞ as s → ∞, contrary to the assumption that u(s) is a bounded solution.
Proof of Theorem 2.1. By the standard estimates for elliptic equations and condition (B), it follows that
That is,
Asymptotics for quasilinear elliptic non-positone problems 89
By (B), there exists a positive constant K 0 such that .5)-(1.6) with λ = λ n satisfying λ n → 0
and w n (s 1 ) = w n (s 2 ) = 0, w n ∞ = 1. Now, we show that
} is bounded. We prove this by a blowing up argument as in [3] . Suppose that T n → ∞ as n → ∞. Let s n ∈ (s 1 , s 2 ) be such that w n ( s n ) = 1, y n = T 1/p n (s − s n ) and w n (y n ) = w n (s). Then w n (0) = 1, w n (0) = 0 and w n (y n ) satisfies
and v n ∞ → ∞ as n → ∞, the right-hand side of (2.5) is uniformly bounded. Thus, there exist subsequences (still denoted by { s n }, { w n } and {v n }) such that w n → w in C
Here θ ≤ 0 is a fixed number since the limit of s n may be s 1 
. Otherwise, we can choose a subsequence of {T 1/p n (s 1 − s n )} whose limit exists (or is −∞). If the limit of s n is s 2 , and if we set ∞) ), and w(0) = 1 and w (0) = 0, the strong maximum principle as in Lemma 2.3 of [6] implies that w > 0 in (θ, ∞) (or (−∞, ∞)). Thus, for any interval in (θ, ∞) (or (−∞, ∞)), there exists an ω > 0 such that w(x) > ω in this interval. This implies that
Here s * = lim n→∞ s n . This contradicts Lemma 2.3. Thus, {T n } is bounded. Therefore
Finally, let {λ i } be a sequence with lim i→∞ λ i = 0 and denote the quan- 
Using the same idea as above for (2.4), we find a function w(·) and a sub-
Therefore w(·) is a positive solution of the problem
in Ω, w = 0 on ∂Ω, and w(·) ∞ = 1.
A priori estimates
for Ω being a ball. In this section, consider the set of radially symmetric positive solutions to the equation
where Ω denotes the unit ball in R N (N > 1), centered at the origin, and λ > 0. Here f : [0, ∞) → R is assumed to satisfy (3.3) f (0) < 0 (non-positone), f (u) ≥ 0, and f (u 0 ) > 0 for some u 0 > 0.
Let F be defined as F (t) = t 0 f (s) ds, and let β and θ (β < θ) be the unique positive zeros of f and F , respectively.
In this section, the following theorem is proved: 
is finite.
Note that radially symmetric positive solutions of (3.1)-(3.2) are strictly decreasing in r for r ∈ (0, 1) where r = x . Thus, they satisfy Note that this implies (3.9) d > θ.
To prove Theorem 3.1, we need the following lemma:
Lemma 3.2 (see [19] ). Let u be a radially symmetric positive solution of (1 − q λ ).
Thus 0 ≤ 1 − q λ ≤ θ cλ 1/(p−1) . As λ → ∞ the right-hand side of the above expression tends to zero; hence lim λ→∞ q λ = 1 and this completes the proof of the lemma.
